
&:show that agraphGisconnected if and onlya
smallest eigenvalue of L

solution
-

suppose G is disconnectede it has atleast two

disconnected components G,& G2 · By reordering vertices

appropriately , we can write the Laplacian as

La [JaLast compendingacorresponding
to GI

- I atleast two orthogonal eigenvectors of the
eigenvalue 0 :

#It's vertine=]
in G ! NX1 nX/

#vertices of G = n)
↳
#'S - #vertices in G2

- Xo= A= 0

conversely, suppose G is connected. & Y is an eigenvector
of I corresponding toeigenvalue 0

,
i.e. Ly= 0

0 = <P, LU) -E[Y]= (U)- (2P
uniform

distribution
on E .

=> For every pair of vertices (v) connected by an edge
(i . e . PrEVE= (U,v] +O) ,

we have y(u) = ycy·
& By induction, you can showthateverypaiofvt

that

Cu , v) connected by a path
&: G is connected,: v , v 4( = Y(H) ·
&is constant& dim (Eigenspace cour· 100) = 1 .

B



Question2 : G= (V'E') be a "lazy" version of graph G= CVE)
Faiththe same vertex set such that each vertex ving'

gets degglu) self-loops added to it
. Therefore ,

random

walk on G is like that on G , except that now w-p. 42
-

at each step, you lazily slay on the same vertex.

A) Show that the Laplacian of G' is L
/

B) Defining X-Exi * P
,
show that Np , d) is an

eigenvalue/eigenvector pair for ,
and that OF1:.

Solution'
-

A) Consider the normalized Adjacency matrix : KEF-1a

4: E-L

Kuredgesbetween nor o never & Knut O fuey

de degus Geno-self-loops)

recall this captured the probability that v is chosen as( a random neighbor of U. (
New: G' is st. # veV

, you add degg(v) self-loops

Kun =

- Ex &Kier UVEY

=
=> v = E- 1= (F-() = G . L

3) ↳d=p= xid = Xpdi

#



Question3 : Gate : (V
, E) be path graph ona vertices

I-C- EdcKV+1) : /Ev < ng ·

A) Find eigenvales Xo ,
X

, ...,Xm of Epath's Laplacian L.

B) Find eigenspaces corresponding to each Xis.

*ote

C)And an asymptotic lower bound for timit of
the convergence of random walk.

there are solution (sketch)
--direct

of**A The clearest way to solve this question is to first considesways
dealing with

ring graph (makes things symmetricpain also

but trickier
Recall

, ring graph has all edges of Gain & A additional

recessions to edge (1 ,
n).

prove there.

Kring = 012 O ... 042
tring = 1-10 ... 0 -2

%20 Y2 00 -2 1-1 . - . 0 OI i I I IO 12 0 Y :00 !
0 ... 20 nxn

-1200 ...- I
NXX

New
,

the cute trick is to notice that Ling is such that

each rowis obtained by "shifting" the previous row (these are

generally called circulant matrices). More formally
Define "shift" matix

=
nxn

& prove that:

tring= I-Pp leasy to find pr-t
,
then it is

obvious why Ling is this value
Now P is a simpler matrix to deal with

Now
,
show that characteristic polynomial of P is (x-1) .-y

! roots are the with roots of unity ! Wo ,
w
, ..., Whe where

Wr= edtrIn = [S2R+Si(A



of part will be : Wit
, wit, ..., wit:. eigenvalus

C : eigenvaless of Ling will be : --W)R=
--
= 12-(mtWR)= 12-(CO +PSin +cos

= (2-2co) =c
: Eigenvales of Ling an : (/COSR)RO, --,

Eigenvectors:
Troveis an eigenesor ofI corresponding to wa if OrR

is an eigenvector of Ling corresponding to (cos2R) * R.

Task reduces to finding eigenvectors of P
.

Show that
the eigenspace corresponding to Wp is ofdimension &

, generated by
In = * R = 0

,
1, .

.

., n1Wr &

I (we
=> Or is also eigenvector for tring corresponding to (tlos

* R= 0
,

1, ..., -1.

coming back to Gath with n-vertices .
We will map each vertex

veUpain] to 2 vertices in the ring graph Gring with In-vertices
,

called as quotientof)vo Vath =<n]EvringTing = n) I Gring
Example 4D (↓( I I
80



O:Lingan =

(patanHM)Wheret
a I I: 0 ... 00

(10 ... 00
an

Now I k= 0
, ..,dn1

, Xp = (l-cost) is eigenvalue of Gringon
heith corresponding eigenvector cr= (1WR-- - want

-Cringan tr = Xp & # k= 0, ...n

↓R= 0, ...,
2n-1->

pain (wi) = Dri)w (first n are distinct,I remaining
are just repeated values

: eigenvalues of (pathh are <R= /1-cOSIR)R= 0
, ...n

with the corresponding eigenvectors :r = (1wr--- watT

c) - simple now (just plug-in the convergence theorem a

bound t
,
based on the bound for theasymptotically

xis forpath found above)
*

** Not solving question4 as it is simple use of just the definition
& very simple inequalities -> try it yourself if you could not
solve it during the quiz.


