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Lecture Overview

This lecture presents a comprehensive treatment of Chernoff bounds, start-
ing from classical inequalities (Markov, Chebyshev), going through the sec-
ond moment method, and introducing the powerful method of bounding
moment generating functions. We explore tight exponential bounds on
tail probabilities of sums of independent random variables, with general-
izations like Hoeffding’s, Bernstein’s, and McDiarmid’s inequalities. Com-
plete proofs, derivations, and motivating examples are provided, along with
a visualization of the Chernoff bound idea.

1 Motivation: Why Tail Bounds Matter

Let X1, X5,..., X, beii.d. real-valued random variables with mean p and
variance o2, and define:
n
Sn=>_X;
i=1

By the Central Limit Theorem (CLT),

Sn— N d



However, CLT doesn’t tell us how likely it is that S, deviates significantly
from E[S,].

Berry—Esseen Theorem

It quantifies the convergence in CLT:
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where p = E[|X; — p/3]. But the error decays slowly: O(1/y/n).

2 Markov’s Inequality

For X > 0:

MXZt]SEEt]

Proof: Let A ={X >t}. Then X >t-1,4 implies:

E[X] >t PX >t =P[X > < E[t]
3 Chebyshev’s Inequality
If E[X] = u, Var(X) = o2
0.2
PIX gl > 1] < T
Proof: Apply Markov’s inequality to (X — pu)?:
EN(X — 2 2
P[(X—/L)2>t2]§ [( = /’L)]_;

4 Second Moment Method

Let X >0, E[X] = u > 0, E[X?] = v. Then:

2

P[X > 0] > £

v
Proof: Use Cauchy-Schwarz on E[X 1] and E[I?] where [ = 1x~0.



5 Example: Rademacher Variables

Let X; € {—1,+1} be i.i.d. Rademacher variables. Then X = > X:

E[X]=0
E[X?] =n
E[X?] = 3n?
Using fourth moment bound:
3n?
PlX[>1] < -

6 Moment Generating Functions and Tail Bounds

Let X be real-valued. For A > 0:
P[X > t] < e ME[eM]
If X =) X; with independent X;:
E[e*X] = [[ B[]
This leads to Chernoff bounds.

7 Chernoff Bound: Full Derivation

Let Xi,...,X, €10,1] independent, S = > X;, u = E[S]. We want:
P[S > (14 0)p] <?
By Markov:

) E[E)‘S]
PIS 2 (A +0)u] < inf S5
Using Hoeffding’s lemma:
E[eMi] < /8 (for X; € 0,1])

Then:



Thus:
nA?
PIS > (1+8)u] < exp ( —A(L+ 0t M+ ——
Choose A = 467“ to minimize. This gives:

Msz(1+®ukng<_ff>

8 Chernoff Bound Diagram
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9 Hoeffding’s Inequality
Let X; € [ai, bl] Then:
P[S — E[S] > {] < 2t?
_ N
=P U0 w)?
Proof: Apply MGF bounds and Hoeffding’s lemma.



10 Bernstein’s Inequality

Let X; be zero-mean, |X;| < M, Var(S) = 2. Then:

t2
PIS 2] < exp <_202+2Mt/3>

Useful when variance is small compared to the maximum value.

11 McDiarmid’s Inequality

Let f: X" — R with:
|f($1, 7«7:71) - f(xlv ...,JI;, 71‘”)‘ < ¢
Then:
2¢?
PLICO) ~ BLAC0] 2 d < oxp (— g )

G

Proof: Construct a Doob martingale and apply Azuma’s inequality.

12 Sampling Corollary

Let X1,..., X, €[0,1] iid., p=E[X;], o= 1> X;:
Pllfs — po| > €] < 2exp(—2ne?)

Proof: Apply McDiarmid’s inequality with ¢; = 1/n.
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