
INFORMATIONTHEORY CONTINUED

Clast Lecture)

&reference : · Communication and Information Complexity
Mark Braverman

Recap :

0
-

H(X) = IECIX] = Ep() -[m)
,
whereF= log(a)Entropy :

② some properties of entropy :

a) For lange(=N , OEHIX)=logN
,

with

le(X) = 0 iff X is constant

H(X) = logN if X is uniform vr.

b)For independent v. V.s X&U H(xy) = MIX)+ H1)

③ Mutual Information: I(X; 4) = H(X)+ H(4) - H(XY)

⑦ properties of mutual information:

a) IX,4) = 0 if you are independent.
b) conditional Entropy H(X)

H(y)7
M(y(x) = H(Y) -F(X ; Y) (0) S
ce(x(y) = H(X) -ICX; 4) (30) HIX14) E(x, Y H(Y(X)

c) [(XiX) = HWX)
I(; Y) = I (4; X) H(XY)

↓ chanule : H(xy) = H(x) + HY(X)
Generalized chain rule ! HXY2-- Xn) = (e(x

, )+ ↓(X2(X,)+ -- -+ H(XalMiX)
-

2) n(Y(X)= [H(Y(X= x)]

⑤ conditional mutual information : I; Y(2) := H((2)+ H(y(z)- HxY(2)
-[I(((2=- ; (4(2=2)]



-INFORMATION COMPLEXITY

Capplication to comm-complexity)
View Shannon's entropy as follows:

Alice Bob
-

xnX -

->

one-sided
communication

Goal : Communicate MrX
=

to Bob with min #bits

This one-sided communication complexity -H(X)

we wantto define an analogue to HIX) for the two

sided communication :

Alice 42Mxy BOD
X

y
=>

->two-sided Heterminists
communication

Goal : complete fix, y) with
=

min communication

Recalls
-

-Prxy(f) : min communication cost over all
-

deterministic protocols it st.

errm() = Pr [
,y) fix, y)] -S

(,y)vMxy

Definition L-
InformationComplexity)

Information complexity of a function of captures the least

amount of information that Alice & Bob ned to exchange
about their inputs to successfully computef on their ilps.



① Information cost of a protocol It under MXY
Let i, denote the random variable corresponding

to the transcript of protocol it-

↳l messages communicated inT(X,Y)
=

qui))info Bob learns

about4 from about X from
the protocol the protocol.

Remarks the distribution pe impacts EC(T) .
To give you a

-
-

simple example : If M is singleton distribution supported-

on one input (0, yo) ,
then ICITT) = 0 #M

. (why)
Example connecting to Shannon entropy : Recall in one-way---

-communication XM & Y= +
.

FM(it) = [(X; +n) = H(x) - H(XIm) = H(X) ·
b un

Only Bob trying to = O

get X from Th

②Information complexity of f under Mxy

ICM(f) : = infimum [FCu(it) : it computes f with erruCtD=E]
m

#ynotminimum
This is a subtle point ( try to reall the difference)if you understand between min einf

then read&below.

#communication protocols of a given comm. cost is finite
,

but

same is not true about information cost (think why?)
:

.e. one can have sequence It
,, The, .. of protocols of

comm . cost
,
but whose information complexityever-increasing

IQ(Tn) converges to ICCf) in limit.



ADDITIVITY OF INFORMATION COMPLEXITY

Estossef
, Jayram ,

Kumar , Sivakumar 1843

Let go denote the function :

for (2 , . . ., un)
, (ye ..., yn)) = (f(X, ,Y,

-
· .

, f(xn, Yrl)

mon denotes the product distribution ,
i-e.

(2, Y), (2
, 4) ,

...

,
(an, yn) v M (independently)

TheoremI : Icon jeon) = n . (f).
-

#sketch will explain for n=z (you can generalize easily)

6 ICMOM(fQf) - 2 · IC(f)
Proof : Let it be any arbitrary protocol computing f=

Run two independent copies ofIt to computeof.
-

Lef X1 , 4) & (X2
, 42) denote the independent input

-

distributions for the two independent runs
,
denoted by

7

TheTz. Apply cham rule & prove (exercise)
① F(4 ,42 ; Th(XIX2) = I (4,; /x) + F(Y; Th(Xz)

un

transcript
of zruns

& ② I(X2 ; Thi (44) = F(X : +(4 ,) + I(X2;TY)

①- FCOM (T ,T) = ECqulTTD + FC qualite)
why? Justify

FCMOM(fof) ICMCH + ICCf)
= 2 . IC(f)

B

claim: ICMOM (f) 2 . ICC)
Proof : Now,

,
we are given a protocel it computing for=

& need to construct two protocols1& The (computing f)
such that F(m,

(ii) + ECITI2) - FCMOM (T1) ,
where



M & Mr are two independent copies of M.

Define protocol It (XI , 41) as :

Alice
It BobM

- -**
samples ( , 42) ~My

-
execute [((XX)

,My Y2))

output f(x1,Y) output f(x, 141)
~> ignorepart

corresponding
to f(x2, Ye)

New [Cm(tti) = F(Y ; Th(XX) + #(x ,;Fr X4, 42)
↳①

Define protocol Tb(Xe , 42) as :

Alicette M
· samples (X , YD) ~M

-

#
execute H((X, Xz)

,
(4

, 42)
output f(x2, Y2) output f(x2, Ye)

->ignore fix, 41-

Similar to above

#M (12) = F(Yg ; Th/YX ,x2) + F(X2; (44)
↳

① a chain rue gives
ICy(IT) + IC (it)

-> ICX ; /xy, 4) + [ (X;n (4, 4) + F(4,;π/X, Xz) +[(Y;/Y, XX2)
=> F(XIXi+Y, 42) + I(YY ; Tn(X , X2)
=Cep(TT)

-

Cagaintifythis(f) + IC(f) > ICMOM (fQf)

2.mcf) ⑭

ClaimsDO complete the proof for n= 2 D
↳ (generalize for n)



It is easy (and intuitive) to see that

D& (f) - ICCf)

39 the information cost of a protoce It( (will always be bounded by size of cost)

: A . DM(fon).Mon
T (By TheoremIfH

. IC M(f)

i .e.Dann If)
SANTNESSA)

M

DISJOINTNESS(X, y) := TAND li,y

-callfrom Lecture 20 : Repub (DISJONTEs) = maxDM (DISSONNESS)
M

- To lower bound Re, pub (DISSOINTNESS) ,
we ned to find

some "hard" distribution M & Lower-bound DCDISJOINTNESS)
-AtTuitively DISJOINTNESS(t , Y) will have similar communication

complexity as ANDOn(X , y). Heure
,Iwill bound Damancanny

-We want a "hard" On
M &

Recall
,

we saw that if po was uniform distribution
,

then

it is an easy distribution for Alice &Bob (see Lecture 20)
In fact

,
if manyXp,yp)'s are = 11

, 1) (which happens
when MCC, 11) is highs then w -hp · Alice & Bob know the

O making it an easy distribution.output is

a few more attempts for m on your over.Try
Cousion : A hard distribution M is such that:

M(( , 1)- - 0



We won't see a proof of the following theorem (it's an

amazing result e read the paper if interested)

nTraverman
, Garg ,

Pankratov
,
Weinstein' 13]

course. DMOnDISSONNEsn) n.CANDe)- Oct 20 Ifor any M with M(((1))= 0.I i-e . o-error informationwant to now understand

complexity of the two-bit AND-function .

nontrival toIt is actually show that ICY(ANDL) 20 .45

·to, met such that

DM(DISJOINTNESSN) - 0 -48n - O(n)
woas E-0 I- By yao's principle, we get

Re
, pub

(DISJOINTNESS) = 0-48n-o(n)

You
-

can refor to Braverman's notes and the original
paper (if interested) to understand the complete proof.

Another amazing result (capturing our intuition) is

(will state without proof)
Amortized communication cost = Information complexity
[Braverman-Rao'll]

DonIline
NTN

Hence, FC (f) truly is analogue of H(X) in the(( two-sided communication setting.

That's all Folks ! Thank You


