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INFORMATION THEORY

Rences :
-

· Elements of Information Theory, Covere Thomas
· Pseudorandomness by Salil Vadhan

Interesting video (to understand entropy) :

Esolving wordle using Information theory ,
SBLABrown]

ENTROPY

-eleinformal discussion (running example: WORDLE)

· How to quantify information Dies?
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What is the formula for information in terms of the probability
of occurance ?
By above logic , (t)F = p - 2F= +

P

=> I= log()
Shannon entropy is the expected value of this information ,

[Shannon's). Let X be a v. U. with probmas function play

#HW) = ECI] : EPM)[() ,
where I() = Logg (n)

Inother words
,

if measures thebits needed

on average to describe the rv. X

EXAMPLE OF WORDLE
-
-

#
WE AR Y (First guess)

If you get this in response from the wordle

PLA)=ve letter words ending with Y
totalfive letter words

- = 0 . 03 (BlueBrow

↑(3) = logz(t) = 4- 73 (BlueBrow)

For "weary" as 1Sguess : [F] = EP() ·[M) = 4. 90 BBLulBrown

A high probability event (e .g.) gives less information
(indicated by the example, as weel as by formula forI)

Watch 3BlueBroven for fuet fledged analysis to find the best
-

first gas forrening Wordle -> using just entropy !



Another way to view entropy : HX) denotes the min #bits
-

- -

needed to store a string deaven from X on average,(
U Il

using a compression scheme.

Example Encoding-

S
red w - p. 112 - red - H E-bit)X

greenws green : iH 22-bits)
# blue = TTH (3-bits(

233 yellow - Tit (3-bitt)

H(X)=+ 2+ 3+3 = 175

Example Let X= 2 with probabilitya
H(X)= p - log (+) + (+-p) - loge (p)

Let H(p)I
HLP) Binary entropy functionN

A
-- - =- =....- - -- This graph depicts a few

properties of entropy function :

⑨ It's a concave function of distribution.

③ Hp) = 0 when p= o or1

Cho uncertainity
· 12 #"P ② max uncertaining when

p=y2 (H((2) = 1)

opertiesof H(X)

O H(X) 30 (easy to prove)
② If(range(X)1N ,

then H(X)[log,N .
Moreover

a H(X) = 0 if X is constant (no uncertanity)-

( H(X) = log,
N if X is uniform rov (max uncertanity)

-

③ For independent v- v. s X&4
,
H(XY) = H(x) +H(Y)



Intuitively , take wordle example if a first word gu gave
#-bit information ("s" contained in your word) & a second

independent gus gave you another bit of info then

combined the two observations gave 2-bits of information !

roof: H(xY) = = Pxy(a,) ·

logc()a
, y

cusing independence = PX(x) · Py(y) ·(10%(u)+ log(i)
- HX) · E Pyly) + H(Y) · EDX(n)

= H(X) + H(Y)
T

MUTUAL INFORMATION
-

If XOY are not independent then bits (on ang) needed
to describe a string from the joint variable is H(X4)
& this will be less than Helx) +H14)

Intuitively , again take wordle. If your second gurs was
↑

notindependent & you used "s" (the letter you got-from
the first guns) then you will get less information.

Def" : Mutual Information
F(X ; y) = H(X) + +(Y) - H(XY)

= PxyMy) (log) + logity - logpe)xy

=
y
Pxy( , 4) logus)

Exercise: Prove that I(X ; 4) 30
-



PLE : suppose X, 4) have following joint distribution

⑭ m marginal distributions :
-

% 10

· of X is (t*)I 42 00

e Y · of Y is (tititsits)
Y16

H(X) = ! - 1+ 2+ 2 = 1 . 5

H(Y) =

1 + 4- - .
3 = 2

H(XU) =

E - 1 + 8 . ! : 4 = G-5

: I(X ; Y) = H(x) + Hly)-A(y) = 1

Pestiesof Mutual Information :

Pandonly if
Xy are independe

&

H(X)
H(y)7

S
· conditional entropy of 4 given X HIX14) E(x, Y H(Y(X)
M1Y(X) = H(Y) - F(X ; Y) >0

· conditional entropy of X given y
H(X(y) = H(X) - F(XiY) >0 H(XY)

Intuitively, what the conditional entropy captraes is :

to communicate (X,
Y)

,
think of first communicating shared

info (EX ;Y) , & then the deficit from HX) to makex

and the deficit from Hlys to make 4.
A

↳Xi , one random bittrandombitingn-A
, H(Y(x) = 1



③ F(xiX) = H(X) - H(X(X) = H(X)
F (X ; y) = H(X) - H(X/Y) creduction in uncertainity ofX, knowing )

= H(Y) - H(Y(X) (reduction in uncertainity of Y
, knowingX)

(saysasmuchabantisF(X ; 4) = I(Y ; X)
&meric (

# RULE : H(X4)= H(X) + H(YlX)

(By defh H(Y(x)
= H(Y) -F(XiY) = H(4) - (H) + H(Y) -H(XY)))= E((xy) - HIX

(Exercise) Prove generalized chain sale: X, X2. ... In be n RVs#m = G(XD+ H(Xz(X) + H(Xz(Xz, X,) +... + H(Xn(Xn+ x))
⑤ H(()=Ex[H(Y(X =x)] is( Myto prove this inga
⑥Conditional Mutual Information of X

, 4
, given I

F(X ; /2) ef H(X(z) + H(Y1z) - H(XY(z)
5prove (X(=2) ; (12=)

Example-

X
, y be independent random bits

2= X0Y

I(X , Y) = 0

& (x ; Y(z) = 1

-NFORMATIONCOMPLEXITY
-

Recall from Last lecture : Distributional communication complexity
Fice Bob

> -

xX -> yeY XareUS

flag) fixys



D
&

My (H) : winimum communication cost over all deterministra

protocolsT St

err(T) =

<PrEHx , ylf fixy]

You can view entropy in a different way : Let X bea

er. and consider the one-way communication :

Alice Bob
dr X ->

>

"*A
we want -

analogous Output:info theory -

connection Goal: Alice wants to communicate X
=

forDrxyCf) to Bols with least #Comm . bits Conang)
-

33 ↳
ChartyH(X)

Definition :
-

Information complexity of It under Mxy is :

-Clit) = I (Ti Y (x)+(MX(y)
whereIt is a random variable

Icapturing the

criptofproteenon inputs X
,

4

the amount of info the the amount of into the

conversation teaches Alice conversation teaches Bob

about Bob's input about Alice's input.

ICCf) = min [FCC) : er(t) = 23

information complexity of f under distributionp
continue looking atNext class:# : DC) ICCf) -

this -> lowerbound Rs
, pub(DISI)


