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Reall; we spoke briefly about it in Lecture 10.

2-party communication complexity
-ALICE ->aut to compute fixXu-2 -BOB

>

<
1-bit

messages>
atX yeY

[CAlice's private input) CBob's private in putt

put: f(x,Y)Oput: f(x, y)

Usually X= Y= 20
, 13

"

& 2= 20
, 17

problem : Minimize the number of bits of communication

that computation is free.assuming
Examples
=

① (From Lecture 10) f= EQUALITY : Go17"x90, 1y"-> 20, 15

Deterministically (H)-bits of communication sufficient3
- -

and tonecessary.
He Alice sendsX

withoutany additional & Bob sands

power (like randomness) back f(x, y)
need to communicate itself.



Rized : (ecure - saw that Ollogn)-bits suffice.
w . h - p.a

, y.

f(x, y)=X0. -#XPy0---eyn② f: RARIMn : Coply"xso, ly" -90, 13

-onlymed to communicateits

nice sends &Bob
③ Ace gets AECN) ,

Bob gets BECN)
↳ Y
subsets are Teach bitindicates whether

the corresponding elementClike waitstring (in sus EA of not

E <1, 33 =A is 10100-·0
-

a) n-bitsAlice & Bob want to compute
median (AUB)

How many bits sufficient to compute this ?
Naive solution : Alice Sets A (n-bits) & Bob sends
-

median(AUB) ,
which is a location (logh-bits)

i
-

e. (n+ logn)-bits
olloging -> using binary search.Cando better :

Remarks Protocols with polylogens considered "efficient" and
-

USD considered "inefficient"

b) f=DISJOINTNESS : Go, 1g"x60,yae60, 13

f(A, B)
= A if and only if AnB=
-> TORn (2y1y,Ye....., Inyn)

(Remark Similar to how 3SAT is fundamental problem
-

of study un complexity theory, disjoints is a

fundamental problem in communication complexity)
casso necessary)-terministic: Nice sends A & Bob sends back f(A,

B).



domized : S2(n) [Kalyanasundaram- Schnitges'ge)

Formal Definition of a "communication protocol" It

Freevier
Each internal node labeled either by ⑨

Alice ->

sending · ① : function from X-20, 17 ·
Botending : function from 7340 , 17

#-

Each leaf node labelled with

an element from 2= 10 , 17 o
value of protocol it on input (X, y) is the label of
the leaf reached by starting from the root

,
and traversing

thefree

cost of protocol it : (height of the tree)

cost(it) = maxacost(y , y) : NEX
, yell

where cost(x ,y) = pain length on input (xy)
Deterministic communication complexity of fixXY-2 is

D(f) = min cost(if)
#f

minimum over all proces It computingf
Communication Matrix to compute f :XXYeZ
↓ y-

Mf ! 00... p

00.000... ---- y 11--1 X =50174

Too ...- flys U = 20, 174

n 2= 50
, M

11---1 even



#if:Say Alice on her input Redoy decides to ana

(say she sends0) ⑨

My ↓
a portation -
↳#this makes bit beingOM

of the rows ↳thast ⑮-

communication D
bit being I

At Remark : these need not be consecutive rowes
,

these could be
=

any subset of rows corresponding to 0 &1.

(Just for illustration, taking consecutive rous)

Eep2ofIf : If O was the 1st bit ⑨
communicated by Alice, then the if Vot
says she goes again - (say she sends # ⑪

My
all aX for -S

↳awhich Astcomm . bit ↳⑮is O & second alsoO D
all nex for which

L
-

urcomm bit is O & ↳thast You end up with output
second

is

" communication
bit being I f(x, y)=1 in this case

Li.e. blue box in Mf)

ternatively " flich sends 1
,

Bob sends 0
L

My
Do ↳ ·mem

bit beingO

*Get#
bit being I Y

D& ⑮
You will end up with output
fix cy) =1 in they case

(i-e: yellow box ni Mf)



: In particular ,
the colored rectangles above are called

"Combinatorial rectangles" : R= kXL is a sub-matrix of Ms
containing rows KEX & columns LEY that are formed
based on the particular direction (lff(0) or right (1) taken

in the tree corresponding to it.

(Recall remark above : K & L need not be contiguous)
At the end of this partitioning of My ,

the sub-matrix of
same color is a constant matrix of all o' or all I's.

TorremI: Any -bit correct
,
deterministic protocol for f: xX4-2

-

partitions My into -2" combinatorial rectangles ,
each of

which "f-monochromatic!i
-

↳ meaningf is constantly o or 1 on the rectangle.

=mple : f= ES2 : daly X10, 1y
-
-90, 14

00 OI 1011 (the naive protocol)
00 Nice sets X & then Bob sends fixy)

O I
->- ①-· o A *I#X L

⑬ ⑬⑭
Mf ↳

The naive protocol leads to 8 23partitionsa-
as

-

3-bits of communication .

2007 X 901, 10
, 113

Theorem: 2017 X 900
,

10
, 113D(EBn) = n+1 Chence = n +)

-

2017 X401yPf: What we will show is that
- S- & 105 X 900,

01
, 11yit is not possible to color Men to

Gloy XX10]
* 400,

01
, 10]Get small number of combinatorial

ELLY
rectangles

eleg X 11]A general comm-matrix for En has

2"Is in the diagonal (just by correctness)



I has to be in its over 1x1 Combinatorialclearly, every

Elsetangle.Why R is a combinatorial rectangle ianas-

only if wherever (x,y), (X,y') ER
,
then (X

, Y) ,
(X,Y ER.

New,
for the O's we also require 1 rectangle.

needed·= 2"+ 1 combinatorial rectangle
- >Theg(2n+ D] > neczn+1 (by thml) u

Them (General lower bound for D(f)) [melhorn-Schmidt's2]
D(f) logz (2 . rank(mf) - 1)

roof:
Fix a paration XXY = GR

,
wher c= DH). Let

E

Roche be sets of all O-monochromatic rectangles and
I-monochromatic rectangles , respectively , among R1

, Fe, ..., Re.

Define
Mr (x , y) = G # if (x,Y)ER for a rectangle R.

O otherwise

Then
, Mf= Mr andMo

By property of rank,

rank(Mf) Mr , rank(Mnot)
- rank (MR) is at most 1 (by def of combinatorial rectangle R)

& rank(Mf) IRN a rauR(Mnote) E (Rol
- rank(Mf) + rank (Mnotf)) = IRol+ 1Ry =2

· Mnot(f) = J- Mf 15 is all I's matrix of rank 1)
-Grank(Mf) - A

u- D(f) log (Crank (MA)- 1)

D(DISJOINTNESSn) = n+ 1Dayse write the communication Matrix of DISJONTNESS9)( use above theorem to prove this corollary.



NoRankConjecture Elovsz-Saks's8]
D(f) = polylogCrank (My))

(Best lowerI upper bounds)what is promen?
· * f , D(f)=(ranking) [Lovett'13]
· If st ·D(f) (logtrank(Mf)) (Goos - Pitasi-Watson15]

-

Next DOMIZEDCOMMUNICATION COMPLEXITY

AUCE-autto compute f: xXu - 2 -BOB

⑧ ⑳
<

Abit$$ $$
messages>

atX yeY
[CAlice's private input) CBob's private in putt

put: f(x,Y)Oput: f(x, y)
X= Y= 20

, 17
"

Usually
& 2= 20

, 17
⑧ Both Alice &Bob have coin flips in addition
·We still need that nex& yey ,

communication

is bits & output fixy) with high probability.

Two seetingsPubliccons
(Alicef Bob share public randomna

(Alice& Bob have their over coins)

: Re
,priv(f) = #bits communicated on worst-case

input& randomness for a "private coin" randomized
protocol computing f(x,y) with prob 1-3 on all inputs.

R ,
priv (EBn) = O(logn)-temple(Lecture 10) :

Will continue next class with randomized comm · Complexity....


