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Expander graphs are "sparse" graphs that
"behave like" random graphs.

They satisfy following (eivalent) properties :

vy① combinatorial : no small cut
, high connecti

-you cannot separate a set without

seveing many edges (



②Probabilistic : rapid convergence of random walk

③ Agebraic : small second eigenvalue (11) of
normalized Adjacency matrix.

S
G = (V, E)
(VI= n (-0)⑳ (d-regular graphs)
Exed.

-

Combinatorialview Chigh-connectivity)CaldMansion s
,
1slnk IEIS

,
51 > c. Isld

&
~ &some
# edges between

constant C
sand SC

What would #(S
,5) be for random graph?Esse that this matches what we expectI from an expander I

-probabilistic View Crapid convergence of random walk)
-

u vo (any distribution)
10 - -Ut ... -> Ut (t-random walk)

It converges to it (uniform distribution) in

oclogn) steps cas fast as possible).

(cardaesgebraic View small second eigenvalu of 4)

Recall
,
normalized adjacency matrix K



Forregular graphs (recall) :

K= GAG ,
where Ag is adjacency Matrix

of G

Ag(u , v)
= 1 if (U,VEEE o if (v)E.

genvaluesof Kare crecalls

↓KoKl ... KnyY-I

k(G)= max Il

Recall
, for convergence of random walk ,

we

want K(G) =1-E (for OLE <1) -> we saw this

↳ KIG) is called "spectral gap"

G is (d,s)-graph : KIG) 18. G expander if <1.

P : An infinite family 9Git of (ni, d, s)-graphs
is an expander family of e

,
84·2

-

Expansion Mixing
Fast(Spear) Algebraic-

-

k(G) = max11SKI : /Sle = 1
,

9 M3 -D
Dwhy) I orthogonal to

+=(th - -)

rem(Algebraic Expansion= Fast Mixing):

Ianystartingdistributions
, aftert



Profi

118kt-MI = 1-T · K
+ 11

Exercise: Show that -T1)+

Then
, by repeated use ofO we get

118Kt-t = KCG)
t

D

= convergence in Ollogn) steps 00 SK(G) Es for 81 good enough closeness!

Algebraic => combinatorial
Expansion Expansion

Corspectralen) (orEdge anson)

G !

po
Ege 6 The number of edges between any two large
expansion sets S &T is what you expect in a

random d-regular graph.

Exander Mixing Lemma : Let G be a dregular-
graph with spectral gap 1-kIG) · Then I sets
S & T of densities L= 1s//n & B- /n ,

we have :

LES) - / = KIG) a)B(-B)



: If you take T
= SC & B= 1-2 then

above lemma gives

#Ss) -x()K(G)C]

&S A(G) ·XL)(G)D

for=
(prove this

② for all S with ISK
ELS

,
SU = (a) Isl . d .

Recall that assignment 5,
95) asked you Toprove this lemma .&Sketch):

1& It be indicators for S& T
.
then

Els
, T) = Ap= (d . K) .Ar

we knew=· &=)G

(where Po--, In are eigenvectors of 1)

#)
= 2 - B +)un

prove this corresponds
totheioterm

&-B)=



Now
,

use Cauchy-Schwartz & complete the
proof. (main part is done above).
-

STENCEOF EXPANDERS

rem [Pinsker73 ,
Kolmogorov-Barzdin'67]

Most 3-regular graphs are expanders.

Fryto prove this: (probabilistic method) -> pick
a random 3-regular graph G and show thatI Pr&G is not cedge) expanding < Y2 7

-

challenges funding "Explicitexpanders" of small
degree

thatdoes
explicit meana -

explicit : [Gi = (ViE)} weakly-

explicit means the adjacency matrixI Age can be constructed in poly (IVil)-time.

Ionglyexplicit : Ago can be constructed
&

in polylog (IVi)) time :

i-e . given is utvi ,
in polylog (Ivil)-time

you can list all Veve st (U,VIEE?

-Exampleof a strongly explicit expander family
For prime p ,

take V= &p
.

· Me Up , (d , (+)modp]EE 3 3regularAp⑧ * neXp ,
+ 0

, (1 ,
2) GE

· 10 , 0) GE



[Lubotzky-Phillips-Sarnak'86]
For every prime p , Gp is Example:a strongly explicit3-regular 2
expande (((Gp) < 0 . 99)
No simple drict proof known %
proof uses Stronger (Selberg'65)N( [Bourgain-Gamburd'05]
But 0. 99 is large

,

so a natural question :

How small can KIG) be?

G is (n
,
d
, S)-graph (8(1)lification :

b
their G is (n

,
d &, sk)-graph.

take K-th! (
&

C &xercise : show this
power of

- specific forAdjacency malix

d-regular graphs)
: Can Shrink K(G) at the cost of increasing

degree.

Theorem (lower bound on KIG)) [Aon-Boppana] :
An infinite family 9Gi3 of Chi, d)-graphs must
have k(4) = (2)/d Yo

↑
this is a fight bound [LPS'85]
graphs meeting this bound
called Ramanujan graphs!



EXAMPLE APPLICATION : FAULT-TOLERANT COMPUTATION

[von Neumann]
can you build reliable circuits from unreliable( Scomponents?

Given : a circuit c for f of-

size I such that every ↓ Cgate fails with probability
Pto 1)

av

can you construct d for 1XX
C'(X = f(x) W . hop. & with num

small size $ ? MX I
24 N2 23

Finalidea : just replicate gates ! II I I I

I 11 I
v r v ~

#
I I F E I I I I

1111111 identity
N annvvvv gate

#-- nI I I I I I I I I I

I 1111111111
annavvv vannn

-#11
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Take Rologs copies of each gate. Hope is that
y

this block of R copies will try to "propagate" correct
values of computation.



· We do not want errors to increase and accumulate
across levels !

Useexpanders ! [von Neumann
,
Dobrushin-Ortyukov,

-

Pippenger]

⑪
·v
--- majorityit---
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#11C
&
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Idea : Majority gates connected using expanders.
=

↳ of size Ollogs)
Whydoes this help? (Intuitive Discussion)

Expandes Mixing Lemma (stated differently) :

If STEV,

IPr[UEs ,
veT]-vells) rel)

(Take G to be (n
,
d

, s)-graph)



Collaryof Expander mixing
① Every set of Size <Inkz contains
at most $12 vertices with >28d neighbors in S.

->⑪ Insectionprocess : say at every step some
M

adversary picks Fo, Fl) ..., It such that

vol(FR) 8/4 · Infected "vertex sets at each stage)

Let For S
, SixS2.... St be defined as :

# 90resit, if majority of its neighbors in Sp.

Let

IRRR be desa is

Then - · St = d for tlogn
& . vol(R) e S12 t

tomingback to the modified circuit C

What I says that fraction of
values in

every block that is not the correct value of
the computation

-

is some small constant fraction!
Iso you can go across every layer without blowing)C
up the errors too much.

& the blow-up in size only by Ollogs)
There are many more applications -> error-correction

-

we will see in chark and talk.

If interested - see Avi's talk (reference on Pg1)
for many more applications.


