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Recap
=

① Our goal was to maximize the local variance

Elf) =<f, Lf > & we subjected this
to the constraint(IfIE=1

(to guarantee the existence of a maximal

Elf3we proved that for a maximizing
with 11412 = 1

,
La = >d for some XER

② Constructively , we saw the theorem (spectral) :

Given graph G
&

o orthonormal functions
1- t . %1 --- , the , ty : V-R and real numbers

OX ** -- - Lynzt Amy
= 2 such that

La = 1999 ↓ q

200, % ....,91] is an othnormal basis for Ef : VeIR3.

③ for SEV
,
conductance of S is

ES) = Pr[veSIUES]=SGEEAS]nev

The "sparsestcut" problem is

to determine the min-conductance :

& min [01313 Dr. Akash
G S :Lv
~heeger's inequality (ChalkTalk) :3,2

①hivelythismanenving" of random walk.
But X

, "large" K = 1-x
, "far from"1 Kill-E

Ceception : Bipartte graph) vi[n1]
.



Recall : K= F-L has eigenvectors 1-6 ,
%
. ...,&=

eigenvalus 1 =Kok .
-- -Km3 -1 .

(Ki = 1-X)

The main theorem that we will prove today is :

-Theorem Convergence) · Let 11-E + i70 COLE
Then for any worst-case

O
on v

distributionrandom walk)I and TIf nor % and 10-H ... - Ut

t constant·n) ,
then It (distributiona

is "very close" to it

-b
will define this today.
& then prove this theorem !

Remark: For bipartite graph G (for which we
=

know convergence doesn't occurs, Kny = -1 .

But
&

Exo in above theorem guarantees that Knit has
to be bounded away from1 not bipartite.

② Exercise: Show that G is connected if and
-

only if *0 (i.e . (1)#

· E1 in the above theorem ensures that

G is not disconnected (in which case convergence
again does not occur).



How to measure distance between
two prob distributions?

There are many ways to measure distance blu prob.

distributions : Total variation distance
,
KL Divergence,

Hellinger distribution , Bhattacharya distance,
chi-squared divergence, etc.
Each useful in different fields , if interested you
can read more to see what each of them try to
capture & where all they are used
Let's focus on our need :

For any two probability distributions & & I

"T is close to " if f(u) * NEV
-

M(u) 4
"Close to"

Chi-Squared Divergence)
For f(u) = A) captures relative density

Mu) (of 9 were . It (
If : V-IRPO) , we define the chi-squared divergence :

dx( ,i)= [(f(u) -1)]

Clearly &x(f, TT) =0= 1 =4)

#Remarks : O It is not a distance metric since it is
not symmetric Chence called X=divergence instead

of calling it a distance)
i .e, dx(), i) + dy( , 9) (think, intuitrely)
& why ?
ercise; prove this by taking some specific S&.-



② There is a more natural distance metric that

may come to your mind (similar to1-norm) :

Total Variation Distance :
-

prob
div(S, 4) = tls(u) - Musl

(symmetry holds)#diamine
[

But
, we will focus on chi-squared divergence ↑

(because of the exercise you can see that closen
in chi-squared divergence > closenes in TV-distance)

Why not other distances ? - they are considered
in different contexts . (beyond scope of this lecture

③ For any probability distribution S ,
for f:V-IRTO

defined as flu)=flu)Fu)
precauti(Ef(u)] = 1
Prof: ful= Mu) ·=u)

① (Corollaryof) : dy(s, i) = Varf()
Prof : dyelf,)= [(f()-1)]= ((f(u)-IEf(u)])]



= var[fcul] (by def)an

we also know from last lecture :

dy(i) = variful]=MTT

Proof of the Convergence Theorem
Idea : We want to prove that starting at So

, taking-

t-steps from ~So will lead to distribution St
that will beose to I (in Chi-squared divergen
-

Instead of tracking Sots ....
+

I -St ,
we

want to look at to-----ft where

fo(u) = Sp(u) -uEV
I

Ftu)
(thedensities")

Then

weamtoshowerlaga small.

roof : start with any worst case to
.

Let folk)-o) on
TT(C)

then
, by the spectral theorem, fo : V-IR can be

expressed as
fo # + (4 + GB +...1)b

Now
,
we ned to find what to is ?

(ful=u))
&claum: fi = Ko

.

= &

Proofof claim : Kfo(u)=E [fo(v)]-



- Kfolk)= Kuv·clurv: -V ↓ (
edgesbetweeneZIE)
=edgeswell

(
Vill-v

(W. Recall z Kvu · er)
Iself-adjoint

=

ViveU MU)

powesaw = f)

⑭

: f =K(1)( + (2)(d +. - + Fo(n-1)k*n-
= ⑪ + ED + &(2)K- +(n)mPn

Similarly ,
we ge

fo = ktfo
=#+CD@x + (2) t -

-+ focusOn
=>(i) = Kettoli) = 1, 2,..,-D

By hypothesis of the theorem, I kille +ixo

-r ↳
dx(St,) = Var (fell]

-My
- maxK (FOLD+F+. - +(2)E2/, ..., H+

Gey , marketLetawS
that thisis dy (So, i)



: dy(St , T) = (1975 · dy(lo , i)
-
> exp(-2tE) . dye(fo, it) ->
&perboundingdyz (S0 ,1)
Claim : Por any distribution So on v,-

dylSo, i) < min +
NEV MM)

Intuition : the largest value of dy(So, i) is
attained for got that outputs a particular
-

verlex ut with probability 1 ↑

For such got : f(u) = Fi) , if u
= uk(

↑

E O
I
otherwise I↓(Sot, IT) = Var(f) [fCUR]

Unt

= Mu*)Nutrit
Proof-> Exercise

- (for anydit,

Using above claim in e98 ,
we get

dx( , +1) = explze) ·minusSo

Examples:Gisd-regular
,
M(u) =- * U

- + = n # U

Mu)
:odyz (f , i) = expete) . n



: Fort ,d
n2c-1

some constant

(very small
This proves the theorem for regular graphs.

in general for any graph G
u

dy2(5=, ii) = expete) . S .Eldyc,
- expl-ItE) . n

: If In ,d
(someconstant e-


