
cussionhebyshev inequality : FtTO
, for mean e

and standard deviationO
,
Pr & /X-MstOEE

a) Use Chebyshev to prove that for X0
Prev =& 22

Tz
Solution (Sketch)simple direct application of Chebyshev

for- gives you the bound.

b) Now
, prove a lighter bound using CauchySchwartz

for X0, Pr[X20]]-
-Solution
-

For X50 and =19xoy (theindicata
Apply Cauchy-schwarz to get

-

E[X] = 1[XY] = JERJ · JEXO]

&> PrEX >O]S
% 0 PrEXO] = 1- PrEX >O]-

M



Gestion2:

a) we call fin an affine function if
f(x) an+ b for some at ,

bel
-

show that f is a fine if fin+fly)+f(z) = f(x+y+2)
#X

, y ,2 EIEh

Sectioni f(xanth for some ac
, be

Now d
, y ,2 Elec

caz + b)f(a) + flyef(z) = (ax+ b) + (ay+b)+
x= a(x+y+z) +b +2bmb)

= a . (a+y +2) + b
- f(x+ y+z)

conversely , assume f(x+yez) = f(x)+ fly)+ f(e) XX, 4.2
Then , for z=o

f(x+y) = f(x)+f(y) + f(0)(u ,y
Take g(a) = f(x)+f(0)
Then

, girleguy) = f(x)+fly)O
= f(x+y) +f(0)(: f(0)= -flo))= gr+ y) nXx

,YE-> g is linear
-> g is afine4

: f is affine.



(b) Let f : E<IR . Suppose X
, 4 , 2 vIF" independently

and uniformly .
Show that

Eff(X) f(u) f(z) f(x+Y+2)] = E # (s)"

utionEf(x)f(u)f(z) f(x+y+2)]
[fNf(Y)E[f(z)x]
= [f(x) f(u) (f* f) (xYS

- IE[f(x) (ff(y) (f*f) (X+Y)]]
X

= ECf(x) f* fxf(X)]
= zf(s) .[**) (5) = - (15)↑
Seen] seens

(C) Give a 4-query test for a function filt
- He

-

with the following property : If the test accepts
with probability -E the f is - close to being afine.

solution :

Einstead of Fi ,
consides g:-1 +1

such that
g(x) = (1)

f(x)

It's equivalent to test g.
The test just samples U

, Y,Zr independentlyand queries g on X
, y ,z & x+y+z·

if g(x+ yez) = g(N)g(y)g(2) then output 4



esse output N .

~Analyzing the test :
Protest above accepts g]=[+g(g(y)g(z)g(xyt]

-
S

=I [g(X)g(y) g(2)gextyindicator

(for whether(test accepts of not
=+g(s Cue
+mags

parsal)
= MAYg]Tthink!

+ Max GigslT

(s) = <g ,xs) = 1-2 distg, Xs) (showedthis
Using the fact that the max is attained at some

stany & If pretest accepts g] > -E

- for this son] ,
D give :

r22 max (gs)] = 11-2distg,Yor)
Sean]

If 1-2dist(g ,Ygr) TO then we get↓

dist(g ,Xa) - E

If 1-2 dist(g ,Xst) < O ,
then 11-Idistly , Xst)

= 2dist(g,Ygr) -1



- 2dist(g , Xst) -11-2E

-> dist(g ,Xst) 1-E

2 E E-dist(g ,XSt)
-

Il

disty , -Xst)

:g is E-close to an a fine function.
#

Question3 :
= dist (f , Yse) = S.Let f:-E, 13 and suppose
show that If(s)/E28,StS*

Ston :

↑ (s)= [f(x)
.Xg(x)]

= Prff(x)= xs(X)] - Pr[f(x) + Xs(X)]
= 1-2 dist(f , Xs)

* SESA
,
(Xs

,
Xa) = 0 -distXs

, Ygr) =

By triangle inequality ,
we have SESX

dist(s , Xst) = dist(s , f) + dist(f,XSQ)
-1 s2 (given)
&dist(s

, f) -8 *Se

· ↑(5) 128 #St
m



Lustion4 :

- number of roos (including repeated rootsWrite the

of the following polynomials :

Dp() = Xa-X ElFa[X]
Aer

Exactly a roots.

p(x) = Xhas exactly q-1 roots F
is a multiplicative group of order 9-1 .

2) r(x) = (y*+ 1)(X*+1) #q[X]
Awer : 6 roots

solnt consider the polynomial-

X9-X * (X8- 1)T

un
= X(X4+1)(X4- 1)has groots
= x(x4+1)(x2+1)(x2- 1)by part1)
um

factor of x9-X
·g X has 1 root & (2-1) has 2 roots, the factor
(*+1) (X+ 1) must have 9-3 = 6 roots.

Since it is a small field, you can check if it's2
elements below are roots :
[a+ bX : a

,
bEF33 ( ::g =[Fs[X] mod(x2+ 1)3)

A


