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· Optimal tradeoff between rate&min-distance.



nearCode Facts/

⑭ Min-distance d(C) = minimum Hamming weight of
a non-zero codeword.
-

>#non-zero

# entries.

Let ye y , y ,y't
then A(y , y') = HammingWeight (y-y)

B (by linearity)
hamming weightI distance from o enotation for Hanningweight.

: d() =Min Ey ,y
= min &wt(y) 3
YFOEC

② d(c) = min #cols of H which are linearly
dependent.

o
d(C) = minEwtcy) : yec , yeo

But yec() Hy = 0
: d(c) = minEwt(y) : Hy = 8 , y +03

-
so a min at this denotes linear combination

y means you find of columns corresponding to
&

the sparsest linear
-

non-zero entries en y

f combination of cols ofH 3
adding to 0.

I.e. minimum & n

such that every d. 1

linearly independent.

=81 =////column set of t is j2
yj70



①ummingCODE Gy
goal : High-rate linear code (i . e.

lots of strings in codeword space)
II

with some decent"min-distance.

· Goal is high-rate - large k
& smaller n-R

(shorter matrix H))

=>For min-distance -> we want higher min-distance
& By property② above, want the
-1min number of linearly dependent columns in

H to be large
#
I

We want min-distance 33 (so that you can
-
-

↓ atleast correct 1 error)

↓ for this
,
we want to
-maximize vale

⑪ How can you guarantee that min # linearly
dependent columns in H is atleast 3?
(Recall : we are in (2)=

Ans : Make sureIt has atleast I non-zero column
=and doesn't have two identical columns. ↳↓
You don't want a linearly
dependent set of size 2 10 islinearlydependa
& make sure you don't have
2 identical columns (: in #2) if you haveI non-zero

column&32 linearly
dependent columns.

② High rate - ↳ larger Is want more codewords.
& short wide matrix



So, what we do to get hamming code's parity check
Matrix H is take short matrix and fill it with
distincthon-zero columns.

⑭ ummingCodeNavidebysBron
-

He

-b
-

[ n=2r-1-
columns are all possible non-zero

-

-strings of some fixed-lengen
ordered lexicographically.

: It is a CG1, Er , 3]-code
n Run-logz(n+)

Rate very goldt
Min-distance = 3 & can correct up to 1 error

#iceproperty of Hamming code :

If y is a codeword, and it is corrupted atI
position, say the i-th position.
then

, the received string is z= y+e E
ithos

Now, Etyte)= He (i Hy= 0
↳ this is the ith column of H.

wwhich is i written in binary



80 He tells us the corrupted position i ↑

-> can just decode by flipping the ith bit.

⑪ #AMARDCODE (q= 2)

want to now flip the goal I get best min-distance.
Take dual of Hamming code , i. e. He is generator
matrix for this code

Enc= 100uxar
M% add o-column

what is this encoding really doing?
zaD Enc : Fre # is defined as

every bad rate)

e) Enc(X) := (X-a) at
s

: For XEE2
, define Lx:- Fe by

((a) : = X
, a+..

- +Xar -> linear r-variate poly
over2Il

Now Enc(X) := truth table of Lx"

Remark (Why named Hadamand codeb) : replace I-
with 2+, +% , and write each of the IVcodewords
in a row (each of length ars o you get Her , the
Hadamand mali

-

Xo



N ↳ min dist

↑ g
Proposition: Madamard is a [2V

,d]-code for
d= 2

# 1

:. e . it is an En , logh, code

Bot (engSchwartz-Zippel with d=1)
W (a) : = X

, G+ -- . +Xrapnon-zero polynomial of degree + Over #2
B

Middune
[ly( , dr) = 0] E

:0 for 2 different messages X & X (X*X)
↳ -Ly is a non-zero polynomial of degree
& pr [W-(1 , . . ., ar) +O] > +
G..,Lyn 2

-> EnC(x) & Enc(y) differ in atleast locations
God= 2

*

A

Remarks Hadamard code has great min distance.
Es it the optimas min distance ? - It is known for
binary code if d= (E + 2) n then it will only
have OLD codewords (E30) , i. e . really bad rate·
But

,
Hadamard's rate is bad

.Yon)



-

⑭-SOLOMONCODES omade
e

eg
O

polynomials

Goal: I want great rate& great min-distanceT

willing to increase alphabet size 9)
For Ern

, 97n & Se with ISl
↳ large alphabet

Enc:qR-IFg size,-Enc(m = (mo
,mi ,

---

, Mrr) : = (Pm(a))ats--
Es

↳
think of this like all evaluations of
coefficient representation the polynomial Pm
of a(R-D-degree onn points.
polynomial , Pm(X)

Pm(X) = Mo +m,
X+... +MrXR+

El[X]

(degreeunivatprevaluatoralin

Remark
① q

= H & S=qally : Is this a linear code ? why⑳ Question
Yes

,

in fact for 5= 94 , 22, ...,any

Funcmcomm



position Distance of the Reed Solomon codesa

n-CR-1) ·

o Exercise (use fundamental thi of Algebra)

:o RS is En
,
R
,

n-R+ /]q-code.

Infact , assuming gzn ,
the rate-distance trade off

is opial , by the following bound :

ngletonBound : For Inmidcode,notationit1. R & n-d+1

(ie . d = n-r+1)

roof : Exercise (Hint : use Pigeonhole principle)

Example : for k =1 , rate , min-distance
(But you need 97n)
~

En we get best of all worlds I

Fix g , the alphabet size you want.
Let C= (ii) be a sequence of En

,
kin)

, dinBacodes.

Eg : In
,
n-logCh+S , 33

= Hamming :
Hadamard : En , logen , "232



Reed solomon : [n
,
k
,
n-r+19

r fixed
an

SymptoticRate : R(C) =lim
poticRelative Distance : S(C) = limes

new n

Eg : Ryamming) = 1 SCHamming)= o
R( Hadamard) = 0 S(Hadamard) = 12
R (Reed Solomon) = Ro S(Red Solomon) = 1 Ro

But
a
(for any Rob
not fixed

, for gen it's optimal

Definition Dream Goal : Asymptotically good code family
6 : fixed g

,
R(C) PROTO

,
S(C) 3807 0

Theorem(Feasibility)-Do good codes even exist?-

Gilbert-Varshamov Bound][

#q, So-1-t ,
70 with S(e) - SoS & R(0) = -hal

gary entropy function
"

# gary strings in
aradius - Son

Hamming ball is(qhalson)·
(It is a greedy construction)
Also

,
random linear cody attain this GV Bound!

What about efficiently encodable &decodable
asymptotically optimal code] + they exist!



Theorem [stesen, 1972] ·

encodable/decodableFor 9:2, 7 poly(n) -time
asymptotically good linear codes :

# OLRo < 1 & So Doll (1-Ro)
*This theorem uses concatenation codes . (desoned below)

oncatenationcodes
R

Rodg,di withum

innercode

#
-

M n Zig
blocks

This is a [Mong , RoRi, dodi]q-code↳
show this- Exercise.
-

Example [Forney, 1966] : Reed Solomon * Hadamard

C < q , R , q-R+1]q[9, 109,]a)-- for q=22-

This is a [, Rloga , q(q-R+1/2-code
If D= E - q (OCE1) ,

then R = 0 (log) ,

St
2

Even R(Reedsolomon & Madamard) = O
, it'sbettethe)



Remark Justesen's Code is a concatenation-
code with Reed Solomon as the outer code

C
& "Wozencraft Ensemble."

-AAND TALK TOPIC #6 (Group of 2)
↑

=> We continue a ter Midsem=
Iwill announce more chalk & Talk topics
on moodle

, sign up for it presentation
will be before End-sems in April.

-ODLUCKFOR THE MID-SEMS


