
CORER)ANALYSIS OF BOOLEAN FUNCTIONS

inreference
=> Analysis of Boolean Functions by Ryan O'Donnel
- Lecture 8 of Ryan's CS theory Toolkit.

Boolean Function : f : <, 13"-40, 15

Many many applications of fourier analysis of
these functions :

=> Quantum computing
- Communication complexity (Module 5)
= learning theory
- Hardum of approximation (Modweb)
-
Pseudorandomness (Modul 5)

- Random Graph theory
=> social choice theory efc...

Notations (flexible)=

figly-g0, 17 or fig1
,

+1- 4-1 , 13
D ↓

domain :It with
Xor operation dain:for> -

↳meanrtnt) multiply)

· f : <Fly"-9#13
· f:En-> 911]

Go: Look at different representations of a boolean

function
,

that helps analyze it.



Walsh/HadamardFourier Transform

Cinterpolating boolean th f with a polynomial
Evaluation

Representation
=>> Polynomial

(Multivariate)

RecallinDFTfromladas,theevaluatoa
univariate polymials.
Now,

we have evaluation points of f to be <F1}
and the polynomial is multivariate.

EXAMPLE: INTERPOLATING MAJORITY FUNCTION

f = Maj : [* 13 -[#13
CHamming Cube)

-truthtableRepresentatora Geometric (IR3)

+ 1 + 1

th

# ImajiH - +
- I + 1 + 1 + 1

H - - I - I 's
- + - I↳ (-(-,- (H,

- 1
,

-1)

cabinble
Now

,
we want a polynomial that interpolates these

function values

(Bring in "indicator" polynomials)

majs() = to get this polynomial ,
find an indicator

X = (X ,X2,Xs) polynomial for each Vertex.



: .e . for each veatex (i,, 2) , find polynomial
-
calledPick (2) :&I dicatorpoly

Mag(X)=Er Pik(a)
· Label (P

, 9, 2)

↑ indicator Fis is
vertex-polynomial Maj(i,j, k)Set of wo

Hamming cubs

Pip() = (t + 2 ( m) (1+ j . +xz)(t+ R.+2)
Note

Pri ,j , 2) =

(t+)(+(+) = 1 . 11

& (x+ (i,j , k) ,
either ( = -i) or M=f) or My= - R)

- one of the three terms in the produc-

i.e. Pijik(n) = 0.

If you simplify · Majs() = E++.43
** How much time did it take to compute this

polynomial?

of N=gh then it will take time OCN2) by
above method to get polynomial for majn-
(similar to last class, we will see how to do this(in time OINCogN)

iceExercise : Try interpolating Max (*) which

computes maximum of 2 bits (in #) notation



y
eObervation indicatorpolynomials are "multilina,as

meaning that highest power/degree of any Xp is 1.

(no Xp2, X,
etc ...) , the polynomial obtained by

interpolating is mmutlinear.-

② This interpolation process also works if you
take

codomain as IR
,
i.e. f : <+ 1,lyn-R

#orem .1 FOURIER EXPANSION OF f

Every function f : 1-1
,
13"-IR can be uniquely

expressed as a multilinear polynomial (over IR) :

- meaningcoefficientas

Conemonomica& (
↓

(
every subset S= [n]

ouriercem
[n] = 41

,
2
-

-

;my

denoted by : Xg()-T (HereT=
(Yg : [+1

,
-13 2 (+ 1,1) theempty

Xs represents theparity" of x ., :. e .
it is if and

only if an odd number ofA's are1). in S .

(for domain <01yn
, parity is XOR of all bits)

How many different tss ? 2"



=is this representation unique ? Thinke prove !

Cintuition:evaluations in truth table of f= 2n (-

#fourier coeficients in the expansion = 2"

Imple : Majority function

maj([1]) =

I ,
Majz(423) = - , Majs 1933) = t

majs (11 ,
2

, 33) = -E , Majs(s) = 0
,
for all others .

· we had

majs(n)
= 1+2 +3-
-sparity fns.

-Whatif the function f:ENER?

then flu) = [f(s) Xg(n)
,
where now

sin]

Xg(a) = (=1)
itS

Evaluations terpolation> Fortier

of function& evaluation cofficients

Analogous to what
we did last time (DFT)

& ?
similar to last time

, say given fi"-I
=> Eveni flul= F(S) · Xg(x)

Sen]
What is the evaluation representation of fo



floo

f(ll .. - 1)
-

-I · I I : I
&

3
2evaluations
- Walsh-Hadamard ---

Fourier Transform
This matrix calleddamand matrix ,

denoted by
Man withthrow & Sthcol.=
Let's try to see how this th looks like ?

example n= 2

↓ 613924912]
Haz = He = 00

I
+ 1 + 1 + + /

I01 + - I + - I

10 + I
- I

11 H
+ 1

Y4
take take

as X as X,
These Hadamard matrices have several applications!some properties : (has much simpler recursive structure thatDFIn)

① Let

H = (l) 1)is is also DFT



Them , Aga =H ... H > Exercise
prove this

this operation called
Kronecker produce

f Foxample the = (e(general =

L+1 I
② "Fast Walsh-Hadamard Transform" (Smilar to FFT)

is a divide & conque algorithm that compute

in ·

[
in time O(N-logN) operations.

(Here
,

N=2")

cocients
③ Similar to DFTN's properties, we have

) positionproductofwodistinctcolumns
o a se

3) At is a unitary matrix DislikarotationapreserveS
tector length.

C) HHTHNtheidentity
ata



D) Also tw is symmetric ,
i. e. HNT= Nw (Exercise-prove it

·Han
interpolation evaluation

But
,
now BP) gives a formula for the Fourier coeffs.

F (5)=n f(a)· Xg(x)
= + 2 f(x) - Xg(n)
GN En

XIf
=

Cf(x)-Xs())Part!unforor

PROOF OF Proposition &A)
Inner product of S& T columns = EXs(n) .X

+
(x)

of HN E

T
=2 .[In Ysm)

- X=(a)
= gn[Xs(x) ·XyxDo -

SAT = 24[H]
-①

psymmetric)for
Since S = TESAT= &

, 00=
- Inner product of same columns = 2"



If SET , by independence (of picking each
X: randomly

① =24-
( : Xi = 1 w

-
Enner product <-) on pairs of functions
fig : <z1" -IR is defined as

<fig) = Itignf(x)g(n) =Eyn [f(x) .g(x)]

what we proved above is : <Xs
,
X) = &*I

& in this notation
,
the fourier coefficients are :

↑ (s) = <f
, Xs]

Rack. These fourier coeficients tell you nice properties
of the boolean functionf
#example , ↑(d) = (f , Xp) = <fit) =Yf)

↳
the constant

coefficient of Fourier expansion gives the

average value of the Boolean function f.



Parsere'sTheorem : f : -1,geR

[tif] = xign[A())] =ES)
Ranchere'sTheorem : fig : 9-1+y"-IR! (f , g)= yn

(f(x)g]=y *
(s) . g(s)

Proofs are simple :

<fig) = < & F 15)
·Xs

, EgC)Xi)
= (5) . g(T) <Xs, X+]S (5) . (s) (By Prop-A)

measure their

2.correlation
imilar theya

If fig : <- +3
*
-4+, 17 (Boolean-value)

thenfig)=ziyn[*]
- f(x)g(x)=2+ 1 if f(x)=g(x)

-1 if f(x)+g()
=Pr[f(x) =g(x)]-Pr[f(x)f g()]

Specifically· <fif)
=

1 -(s))
-
= 1

#EXTClass : Some cool applications



EXTRANOTES (THE LINEAR ALGEBRA VIEW)

V = Ef : figt
, 1g"&RY forms a rector space

over 1R .
with the two operations :

feg : addition of two functions ,
i. e.

A+g)(x) = f(x) + g(x) + X(4+ 1y

af : scalar multiplication by aCIR

(a-f)(x) = a . f(x) * Xe9+, 1y"

dimension of V = 2

what fourier expansion says : f=X
a B =N : Sein3] is a spanning set for V. Moreover

it has 2"Edimv) parity functions
& B is a basis for V.

He
Hence

,
the uniqueness of the fourier expansion!

Now
,
the definition of inner product on V is as before

(with scaling of Yer)
<fig7= finigm) =yn

[f(x) ·g(x)]
an zert, ign

& common notation :

e-norm "fla
:= &Ifp = EC/f(x)yYp

lp-norm

Proposition A = B is an orthonormal basis


