
MODULE2 : FOURIER TRANSFORMS

Today: Fast Integer multiplication,
Fast polynomial multiplication,
CFAST FOURIER TRANSFORM)

=dayPerelman'smodecomputea
plequestion : How much time does it take to

add two n-bit numbers
n-1

Bit representation : A&2
,
B=biizo

Trypicaln =
32

,
64

,
etc)

How do you count time here ? Well
,
that depends

on "word size"

Adding 1-bit = 1 time unit (word size= 1)
then adding A & B takes time O(n).

Remarks
war it youtook w lognsay-bit saaes
then4 your time is Orogn)
this basically means the numbers are represented
in basen instead of base 2. But to make
this base transformation -> you will spend anl-time.



ow, question of the day : How long does it take
to multiply 2 n-bit integers?

Base-2 or Base-10 Iwhich you study in school)
doesn't matter- time you saw was 0(n2

-10 - Examples->

2
=>

L= lolratt
0000

1100

1100
-

n= 2operations=0(n2) 10011100
-

What we will see today : use Discrete fourier

Transform(DFT) to do this in Onlogn) ops·
1

what about other important operations you med ?
-> Integer division
-> square root Rth not Important operations
3. Extended GCD

I I often used in Crypto
-> Base conversion amongst other areas.

-> primality testing ?

(Refer to Brent-Zimmerman)
All can be expressed in terms of

multiplication time



ScreteFourier Transform

Multiplying integers same as multiplying two

paynomials -> common operationsation
nt

A= 29p2i=numbeals
iz z

Multiplying either of them involves computing

·dobp
R= 0,a

what about AXB ? - C's are the bits

of this product (almost! - account for carry bits)
So, now we want a fast algorithm for convolution

UNOMIAS

degree n-1 polynomial Gauss

Treatyan/
↓ Two different representations ↓of a polynomial.

GundamentalThm)
COEFFICIENT of Algebra EVALUATION

REPRESENTATION REPRESENTATION



.
degree

-1 degree - 2 degree
-3

time to multiply= O(n) onlogn) -DFT time to multiply : On)
R

↓scienttoevaluate
Onlogn)eDFT

Naive < O(n2) operations for both
DFT -> Onlogn] for both.

why care about switching representations?
polynomial multiplication in evaluation representation
take)true· Why ?
(P(D , . . . > P(2n-1)) ·(8(x , ... ,g(2-1)(D)

,
.. -

> PEn-DB12n-1)
evaluation representation& On) operations of PCM)(2).

Let points of evaluating be wo,W..
. .

-, We
Evaluation can be woutten as the following
matrix operation :

PCWo

pan)-I ww
... w

I P(WE) I :
:

P(wm1) ·newEvaluations



* For interpolating , multiply evaluations by
-*

Butfor matrixoperation, stillmedanps
We need. In points to evaluate pla) & gin) on !

- (takeevaluationsPower of 2)
ROOTS OF UNITY

Take them to be nthroots of unity-
-j= 0

,
!
...,

2n -1

-
primitive In-th

up= wo where we
not unity

·
(an-distinct complex roots of) 4

x2n=
· e

For these up's the vandermonde

Matrix Vismatrix. Dig]
= wigmod

&matt uswe we
⑧

w
Ato,

wo

~5

① Inner product of two distinct columns is o

· (e) , ()) = E+ w +W
--- +27

.
W5

= (wi+ wi+ 24+wa . 2 = 0

Exercise: prove generally.



② inner product of a column itself is n.

& For column (colg , colj)=-

-

> DFT is a unitary matrix (Reada
Moreover

, DFTnT DFTn =

(nn.)nu

conjugate
transpose

- DFTh = 1 . DFThT
n

Hence
, interpolating DFT =

1 DFTsentme
& evaluating EDFTh

TFOURIER TRANSFORM (FFT)

-videoconque Algorithm

p(a) = ap + gyx + -. + aqx7 (Eg : n =8)

- ->

[Peven() = do + a
-
2+ apt+ dy2 Poda(n)= Ou +Aza + 9522+ 93

rese Cal= Peren 122) + 2 . Podd (22)

Why does this splitting help? Take the roots of
unity.



Evaluating Perenoh) & Poddia) at It gives

p(1) = Peven (1)+ Podd (1) evaluation

p(1) = Peren (1) + (1) · Pode() ofP
a

PC),eventPodd, 3
In general , evaluating peven (2) Podd (2) at 4 points
gives evaluations of pin) at 8 points !

Evaluating 1 polynomial at

wow
,

w? w3 , . . . , wo -
stroots DFTS-- - ↳

i & Evaluating 2 polynomials ,
each at P

wo
,

w & 04, w -4th rook PFT4v

-- ↓
E compe Evaluatingpolynomials,eat

at

DFTz E

-- ↓start -> Evaluating & polynomials, each at

compute DFTI

: The recursion gives

T (n)= 2 . [ (M2) + O(n)
↑ un w

DETn'S additional any
2xDFTnk to combine

time

-> T(n) = Onlogn) -> Prove it! (EXERCISE



MWRBORENEXTCsra
- Vector spaces

I
If you want

- Linear Independence a crash-course
-> Span -Contact Krishna

-

- Basis
- Orthogonal/Orthonormal basis
- Inner product
- Unitary Matrix
etc.

NEXTTWO LECTURES

↳Minreference : Chapter 11

Analysis of Boolean functions
Ryan O'Donnell


