
ECTURE4 : Gaussians,
Sum of random variables

,

Central Limit Theorem

References : - Intro to probabilityTheory by feller
- Ryan's Lecture4 .
=> Terence Tao's blog on Central Limit Theorem.

⑮Example
①↳Take large of people sitting in "similar demographic"and plot this heights ,

these heights tend to
follow a "normal distribution

② Take large # of natural numbers n andask #distinct primefactors of n

thenthisanswercostlya
CErdos-Kac Theorem)

Normal Distribution shows up very commonly !
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Some lunrealistic) essumptions
-> The ball hits middle of these pins on each stage

descent.
-ofit'stimes it has 50% chance ofgoungt to
(in which case you add (1) & 50% chance of

↑youaddathen the Sum X
, +Xz+ X3 +X4 will be the label of

the different buckets

-Madeanotherassumptionthatyou do
thisonet

each other.
I
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Ye Pascal's triangle
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Evaluatingabilities* of falling into a bucket



Inormallyas you increaserountee
distributionof whe the bal falls "looks

likea

want ttures

X
,X ..., Xn be ined random variables

T

independent and identically
distributed

PrEXi= 1] = p
,
Pr(Xi =0] = q= 1- p . (XprBernoullicp)

Let Sn = X+ Xet--
·+n- want to understand this

IEISn] = up VariSn] = n . VarEXiwhy= npq

Variances Var(X]= [ (X-M12]
,
where M

= EX] ()
=measure of how much the R. V

. differs from it's mean)
Prove it ! -> varEX+] = Ver[X] + variy] if xOY independent=

Var [X+ constant) = Var[X]

var [cX]= Var[X]
andarddeviation = 2= Jaixs on varix] = 22



Some "standardizing" you do to a random variable.

① centering :In has mean upa

get mean of Take (n-m)= (Sn-up)E Edesnotchange variance!dinvariance : ()=
Enough to study En) instead of Sn

.

meback to Gaston board :

p
-q

= Ye Su= X + x2+ -
- +

XnI Y ~

Frows in the
index of Galton boardRob of going
bucket !left or right.

M=E/Sn]
= Evar(Sn]==

En=AD +RXD+... (2xn

independent 11

with prob Ye each
"Rademachers"

Now
, for n even

&
Pr =1 = PrEEn= ~J=
(Recall from last time , using Stirling)



https://youtu.be/zeJD6dqJ5lo

wi
zaus
take

-thisbe curvecapturesaGauvian prob-distributora
-

Xy N(M ,
2 : X is a Gaussian random

means the variable has probability
Fr. I has the

distributions density function (pdf) :

f(x)=+et2
GJET

Ev N(o
, 1) is called standard Gaussian or Normal

random variable.

To understand this
, why this pdf , let's look at

⑫anrefer to : SBlutBrown D
Let's look

adecays exponentiallyo



https://youtu.be/cy8r7WSuT1I

To
get decay in both directions

~
More "bell shape" - are 7

ex Smoothen#
(Why specifically this bell cove I notanother
function also has a great reasoning
G see 3 BlueBrown on Herschel-Maxwell
derivation for Gaussian
C S

constant c & taking e-che allows youleavingrary the width of these bell coves.

#even large

But e-cx2 = (ec)
-22

But, we use e, as ↳ varyingc varies this constant!
we will see now

for a particular
& I Nothingspecial aboutc couhealike

meaningful reason ! M = still gives bell shape awe!



e+12(4)-
Once we get to a

#usindeviation.

But to interpret this as a probability density
function ,

we need area under the curve-1.

Just taking-
b
I will show you this

But
, if this is true then we takea

get area 1 !
Now
,
take normalization factor for e-te

(40)2
to

get e-k(MR - valid probability
u 3 density function.

captures width of the bell curve
= standard deviation.

ow, tobeableshift the ave (consideta
I

TEA
care left*m hasa



This gives you the Gaussian distributiona

#Prove : ferd= i

Bot can't directly integrate de .

-noanti
But take instead

e-ctydayi

want the volume
under this!

this circular projection

-minin
like these Cunderneath the surface)
just take small
thickness (dr)

,
which tracramakes volume

= 2Hr· e-r? dr



Adding all gives

e-nity dady-area
= I ->①

But we wantb evaluate Gedx- denote by a
=
~C=# *ed

Propertiesof Gauxian

① Let E = (E
, ..., Ed) E Ra ,

where E ...., Edu N(0,1)
(iid)

Then E's distributionisrotationally symmetric.
pdf of E at: (x--3d) means I=P(31) $152). -- $13d)

=-
↓ equallyly !

what this means is that the pdf of Eat is
only a function of its length !

#isisused in the proof of the integral



⑪m of independent Gaussians is Gaussion"

#

>Mendenta
-ENTRALLIMIT THEOREM - See Ryan's book

in references on Pg
con-5)

-and let 2NNCO,1) be a normal R- V.then
-

fueR
,

IPrESEUJ-PEZENJIECO, where
n

82 [NIB] & C is a universal constant#
E
ic (C= 0 .56

- Shetsova 2010)
I

Is this small ? I in "most" cases, yes!

Remark : If all the Xp's satisfy : WilE with prob 1
thei

D:<EXP] =c
i. e. U is small!

Fair conflips : Vi=&with probla b



Then= ETX1]=+ M=

[B] =t -0
: /PrCSEU]- Pr&ZU]/_0 - gives

a

more precise
estimate than CLT

Example2: flip n fair coins , countreads
Then

(Why ? ) Sneadsal (interpretheada -es)
check if

Las failure- -1
you are =

CH-H) 1=ead
unsure !

=Th standarda
SEUH

: PCHEER] PrEZzU] =S13d
Can funda estimateForspecific vs
What is I here? (un
mentquestion-> How to modify Berry-Essen for

Mod r


