
-BASIASUMPTONICS CONTINUED

(Factorials & Binomial Coefficients)
GUIL 1 & 2 DATES : 24thJan

,
14th Feb (8: 30-9:30 AM)

,
CClO3

Recap; Last lecture ,
we started with basic asymptotics

=> Different notations 10, 0, 12, w, ~, <, 8)
- Approximating harmonic number

=> Application to coupon collector problem

Thiques: · Taylor series approximation
·Integral method.

Today: StirlingsApproximation iss
Stirling's formula - came drungcorrespondancebetween Stirling and DeMoire m 1720s

,
about

DeMoirre's work on approximating a binomial
distribution by a normal distribution
He had discovered Central Limit Theorems for the
normal approximation to the binomial distribution)

These days, we haveproofofthe centralline atontheorem without

andfor special types ofprobability
distributa

&

formula

·bem:whatis thprobabilitythatflippinga
and n tails !



*What is the distribution that captures the above
problem?

-

Binomial coefficient↳makingana
↑

probability of R

trials (independent)
Tsuccesses in n

coming back to the problem.

Prinheads intrials] = () (2
~ w approximate
How to approximate this !
Ctoday's ecture

What Demoire showed in his work on approximating
binomial distribution is :

(21
informal symbol
meaning approximately like

2. 168 here is an approximation I a constant, which
DeMoirre could only express as an infinite series.



Exercise : Showlim (1- (simple calculusa
:Dand

This makes DeMoire's approximation-isBein
Stirling actually found the "true" value of 2. 16s

to be ef , making
Demoivre's approximation

CByend of thes lecture, you will see this aton

approximation , which was a stepping stone
to prove

Central Limit theorem back in the day!
But how did he do it? (More story
stirling was looking to approximate log (nb),
and for this he identified the constant in the
forma as flog(t) = log(n) ·

How it though?
* no proof though

-Stirlingfabulatedloginterporta
-

-integers and observed that 52

%places.↳switsupdecimalamen
C-Xemore formallymeditat



① Let's start simple

n6 = n(n-+) (n-z) - - . 2 . A

fortoday : find f(n) such that n vf(n)

& (what did "r"mean? -lim = +)
Remark : If you don't see it directly move that

him =1f(n = ging(n)f(n =gl

But
,
let's try simple upper I lower bounds.

n! = n(ne) (n-2) - - - 2 -1

En- n . n. . .
. n - n = nh -Q

Also
, if you drop the lower haf of terms in

above productI lower bound thevest (by N/2)

n) = ncn-D. (n- 2) .. · 2 . 1

= times) (w justa
= (n ->

Remarkan'stip (great one : If you don't understand
how certain large expression behaves

,
then keep

taking logs till you understand something!

Doing that - D&- log (&) [login!) nlogan



Now Glog(*) = Inlogin) -(n)
·

onlogn)-in) log(n) nlog
↳ just factor i apart

exponentiate to get n = 2
(nlogn)

Good starr,
but can do better!

⑪ Approximation attempt #2 using Taylor series

G Very useful Taylor series/ Definition of ex
e = 1 + x+
3 XMEIRt (drop all other terms)

&n * -It

treating"n" maximizethis find point of maxima- calculus)C

as constant show that maxima is at x= n

Then b (en
- taking In both sides : In ( !) nin (h)

= ninn-n
error term.

From D
,
we had In (n!) nenn

-> In (n)) unlnn



Is n more like the lower bond above, i.e. i-
or more like the upper bound n ?

en

①ghter bounds for n ! (Integral trick)
In (n)) = Ink + In2 +lust-- - +en

In

Fencen3 =

is .... n >x

en(n)areaofthe rectangentbetter than
3 befor by1"

In (n) = Above entegral + shaded region (curred triangles)

=apointegrat
stackingn

⑫we ar



: en(n !)-n + 1 + en

=integrate
:o N=)

But again , which one is it closer to , upper or
lower bound ?

Cupper, as we almost exactly had n ! from it

withafromstraighana
-
Exercise

This improves lower bound to
en (nb) -nenn-n + Jenn-OCD

ton)
veryverycloseWhat Stirling's formulate,is

"

n n J .
Jn

Example : 10 =3628800 &Ho= 3598695. 6
-

Cless than 1 % errors



->
prettydoseehod)

loo

seetheplatsforfera
=poof of the striling formula uses Gaussian

=gra
(next class) and Wallis product (for TT)

APPLICATIONSOf STIRLING's FORMULA

① BinomialCoefficients.

⑭
(n(en)2(2mn)



Now
,
to estimate (2) ,

there is a case-by-case

approximation analyses based on the value of k

We won't worry about all
the cases but only

about R= (n).
Now ,
·

(2) = (r) ,
it sufficies to consider be

· det keph for opt . derq=-P)

()=qnt sittingan
-

we will see lateraBinary entropy function ofpl
in course Centropy) H(p)

⑬ Minimum comparisons needed to sortn items

using comparisons sort = log in !)
Ctry to prove this(it's simple)- Exercise

y
Stirling's formula , logn)enogenlogna

NEXT Class - Some probability finally !


